Abstract. We construct 13 projective Q-factorial Fano toric varieties and show that for any minimal rational elliptic surface X there is one such toric variety Z X and a divisor class δ X ∈ Cl(Z X ) such that the number of (−1)-curves of X equals the dimension of the Riemann-Roch space of δ X . As an application we give the number of (−1)-curves of any such elliptic fibration of Halphen index 2.
Introduction
Let X be a smooth projective rational surface which admits a morphism π : X → P 1 whose general fiber is a smooth curve of genus one. We say that π is minimal if it does not contract any (−1)-curve. Denote by K X the canonical divisor class on X; by [3, 12 .1] the map π is induced by a complete linear system of the form |−mK X |, with m > 0. As a consequence, the anticanonical divisor on X is semiample with (−K X ) 2 = 0. It is possible to show [4] that π is the unique elliptic fibration on X, that is admits a unique multiple fiber and that this multiplicity is m. The number m is the Halphen index of X. It is well known that the Mori cone of X is finitely generated if and only if the Cox ring is finitely generated and the two conditions are equivalent to ask for X to have a finite number of (−2)-curves and (−1)-curves [1, 10] . While the former are exactly the prime components of the reducible fibers of π, thus easy to be enumerated, less is known about the number of (−1)-curves of X.
The aim of this note is to provide a combinatorial approach to determine the number of such curves. More precisely we associate to any such surface X a Qfactorial projective toric variety Z X in the following way. Let F be the free abelian group with basis {f C } indexed by the prime components C of the reducible fibers of π. By the genus formula it follows that such components are exactly the (−2)-curves of X. The linear map homomorphism α : Pic(X) → Cl(Z X ) by mapping any divisor class [D] to the element (Γ → D ·Γ) of E and then applying Q X . In what follows we will denote by = free equality up to torsion. Our main result is the following theorem. Theorem 1. Let π : X → P 1 be a minimal elliptic fibration on a rational surface with Halphen index m and let Z X be the associated toric variety.
(1) All the (−1)-curves of X are mapped to the same class δ X ∈ Cl(Z X ) by α.
The set of (−1)-curves of X is in bijection with the set of integral points of the Riemann-Roch polyhedron
. Moreover the coordinates of an integral point of the polyhedron ∆(δ X ) are the intersection multiplicities of the corresponding (−1)-curve with the prime components of the fibers of π.
(2) For any reducible fiber F i of π there exists an element w i ∈ Cl(Z X ) such that for any prime component C of
where n C is the positive integer which appear as a coefficient of the root C in the unique integer relation between the roots of the affine Dynkin diagram corresponding to F i . (3) Let F 1 , . . . , F r be the reducible fibers of π, let w 1 , . . . , w 2 ∈ Cl(Z X ) be as in (2) and let F be the multiple fiber of π. Then the following holds
The paper is organised as follows. In Section 1 we prove Theorem 1. Section 2 is devoted to rational elliptic surfaces of Halphen index two and the enumeration of their (−1)-curves as an application of Theorem 1. Finally in the Appendix we list the degree matrices of the thirteen Q-factorial Fano toric varieties related to root lattices and which appear in the theory exposed in this note.
(−1)-curves and lattice points
Let π : X → P 1 be a minimal elliptic fibration on a smooth projective rational surface. Denote by E 8 the lattice K X ⊥ / K X and by p : K X ⊥ → E 8 the canonical quotient map; as the notation suggests, the lattice E 8 is isometric to the negative definite E 8 -lattice. We let F be the free abelian group with basis indexed by the (−2)-curves on X and we let cl X : F → K X ⊥ be the homomorphism assigning to each basis vector the corresponding (−2)-class; we denote by P X the composition p • cl X . The images of the rays of the standard basis of F under the homomorphism P X define a one-dimensional fan in E 8 . We will show in Remark 1.4 that there exists a unique projective Q-factorial toric variety Z X whose one-dimensional cones are the cones of the fan defined by P X . We summarise the situation in the following commutative diagram with exact rows (1.1)
where A is the cokernel of cl X and h := τ (K X ). Let E = Hom(F, Z) be the dual of F and let Q X : E → Cl(Z X ) be the cokernel of the dual map P * X : E * 8 → E. Dualizing the exact sequences in (1.1) we obtain the following commutative diagram with exact rows
where δ X ∈ Cl(Z X ) generates the kernel of τ and is defined by
* generated the cokernel of p * , that is m is any projection of the homomorphism i : Z → K X ⊥ defined by 1 → −K X . Observe that δ X does not depend on the choice of m. Observe that if D is a curve of X such that −K X · D Given a class w ∈ Cl(Z X ) we recall that the Riemann-Roch polytope of w is the convex polytope ∆(w) := Q −1
, where (E Q ) ≥0 is the positive orthant of the rational vector space E Q = E ⊗ Z Q. Assume now that D is a (−1)-curve of X and denote by e D the linear function F → Z defined by f → cl X (f ) · D, where the product is induced by the intersection pairing of X. We therefore obtain a function
The following lemma is needed in the proof of Lemma 1.3 (see also [6, Proposition 3.3] for another proof). Lemma 1.2. Let π : X → P 1 be a minimal elliptic fibration on a rational surface and let D be a divisor on X such that
Proof. Since the elliptic fibration π is minimal, the anticanonical divisor −K X is linearly equivalent to a multiple of a fiber and thus it is nef. By the Riemann-Roch theorem either D or K X − D is linearly equivalent to an effective divisor. By the nefnes of −K X and the equality −K X · (K X − D) = −1 we conclude that the first possibility occurs. Thus, without loss of generality, we can assume D to be effective.
By the genus formula and the fact that −K X is nef, the only curves of X which are orthogonal to −K X are (−2)-curves, while the only ones which have intersection 1 with −K X are the (−1)-curves. Thus the equality −K X · D = 1 implies D = Γ+D 1 , where Γ is a (−1)-curve and D 1 is a non-negative sum of (−2)-curves. From
where the first inequality is due to the hypothesis on D = (D 1 +Γ) and the definition of D 1 , while the second inequality is due to the fact that Γ is not a component of
by the Hodge index theorem we conclude that D 1 is linearly equivalent to −αK X for some rational number α.
we deduce that α = 0 and thus D = Γ is a (−1)-curve. Lemma 1.3. The function ε induces a bijection between the set of (−1)-curves on X and the set of integral points of the polytope ∆(δ X ).
Proof. We begin by showing that the image of
Moreover, for each element f of the standard basis of F , we have
where the last inequality is due to the fact that cl X (f ) and D correspond to distinct irreducible curves on X. We deduce that the image of ε is contained in ∆(δ X ). Now, we show that ε is injective. Let D, D ′ be (−1)-curves on X and suppose that e D = e D ′ holds. It follows that the difference
Finally, let e be an integral point of ∆(δ X ). Therefore, we write e = e D + P * X (γ), where D is a (−1)-curve on X and γ is an element of E * 8 . We deduce that e factors through cl X inducing a retraction m e : K X ⊥ → Z of i. Using the perfect pairing We now make explicit the homomorphism Q : E → Cl(Z). We begin with a sublattice Λ of E 8 spanned by roots of E 8 . Let Λ = Λ 1 ⊕· · ·⊕Λ r be a decomposition of Λ as a direct sum of irreducible root lattices. We fix a subset {λ 1 , . . . , λ s } of the lattice Λ consisting of simple roots chosen as follows. First of all we choose a basis of Λ 1 together with the root corresponding to the affine vertex in the extended Dynkin diagram of Λ 1 , equivalently, the last root is the opposite of the longest root of Λ 1 . Then we proceed similarly with Λ 2 and so on. Let F be the free abelian group of rank s with basis f 1 , . . . , f s . Let P : F → E 8 be the homomorphism defined by f 1 → λ 1 , . . . , f s → λ s and let E = Hom(F, Z) be the dual lattice of F . The homomorphism P defines a toric variety Z and an exact sequence
as in (1.2). Let π : X → P 1 be a minimal rational elliptic surface with singular fibers of type Λ 1 , . . . , Λ r . We denote the (−2)-curves of X by C 1 , . . . , C s where the numbering is compatible with the numbering of the roots λ 1 , . . . , λ s given above. It follows from the definitions that the homomorphisms P and P X coincide, and thus that also Q and Q X coincide. With the above notation the matrix Q has the following form
where each Q i is the row vector of length rkΛ i + 1 defined by the unique relation between the simple roots of the chosen basis of Λ i together with the root corresponding to its affine vertex. In these coordinates the matrix Q defines a map
Proof of Theorem 1. The first part of (1) follows from Lemma 1.3. For the second part observe that a (−1)-curve D gives an element e D ∈ E by taking intersection with D. Thus the statement follows from the fact that the canonical basis of F consists of the prime components of the fibers of π.
To prove items (2) and (3) we begin by recalling that the class δ X ∈ Cl(Z X ) is defined by any projection m : K X ⊥ → Z of the inclusion map i : Z → K X ⊥ given by 1 → −K X . In particular such a projection is obtained by intersecting with a (−1)-curve D of X, that is m(C) = C·D for any C ∈ K X ⊥ . Due to the above presentation of the matrix Q the integers in the Q i row vector are exactly the multiplicities of the unique primitive vector of self-intersection zero in the root lattice Λ i ⊂ K X ⊥ whose class is thus the class of −mK X whenever the corresponding (−2)-curves form a fiber of π or it is −K X whenever these curves form the support of the non-reduced fiber. Thus items (2) and (3) follow. It follows that any class in the relative interior of the above cone defines the same Q-factorial projective toric variety Z. This is the case for the anticanonical class −K Z so that the variety Z is Fano. 
where t w is the character of the quasi-torus Spec(C[Cl(Z)]) corresponding to w ∈ Cl(Z). Hence Table 2 .3, together with Theorem 1 allow us to determine the number of (−1)-curves on any such surface. Example 1.6. Let X be a minimal rational elliptic surface of type D 8 of Halphen index 2 and whose multiple fiber is irreducible. According to the table appearing in the Appendix, the Hilbert series of the Cox ring of the corresponding toric variety Z is
where the two variables are in C[t, u]/ u 2 − 1 . Expanding the above series, a direct calculation shows that the coefficient of the term t 2 is 9, while that of t 2 u is 6. Both cases are realized as shown in the next paragraphs.
Case 1. Choose nine points p 1 , . . . , p 9 on a smooth plane cubic curve C with flex at p 1 such that the classes of p 2 − p 1 , . . . , p 9 − p 1 are the following elements of Z/2Z ⊕ Z/2Z: 00, 00, 01, 01, 01, 10, 10, 11, 11. For example we can take C := V (x 3 − y 2 z − xz 2 ), p 1 = (0, 1, 0), p 3 = (−1, 0, 1), p 6 = (0, 0, 1), p 8 = (1, 0, 1) and the remaining points to be infinitely near to the given ones according to the classes p i − p 1 written above. The corresponding pencil of sextics curves is generated by (x 3 − y 2 z − xz 2 ) 2 and x 2 y 2 (x − z)(x + z). The classes of the (−1)-curves of X are the rows of the following matrix. 
The first column is the degree of the plane model, while the remaining columns are the multiplicities at the nine points. For example the first row is an exceptional divisor while the last row is a plane quartic with three double points and through other five simple points.
Case 2. Choose nine points p 1 , . . . , p 9 on a smooth plane cubic curve C with flex at p 1 such that the classes of p 2 − p 1 , . . . , p 9 − p 1 are the following elements of Z/4Z: 0, 0, 2, 2, 2, 1, 1, 3, 3. For example we can take C := V (y 2 z + xyz + yz 2 − x 3 − x 2 z), p 1 = (0, 1, 0), p 3 = (−1, 0, 1), p 6 = (0, 0, 1), p 8 = (0, −1, 1) and the remaining points to be infinitely near to the given ones according to the classes p i − p 1 written above. The corresponding pencil of sextics curves is generated by (y 2 z + xyz + yz 2 − x 3 − x 2 z) 2 and x 2 (x + z) 2 y(x + y + z). The classes of the (−1)-curves of X are the rows of the following matrix. 
Rational elliptic surfaces
Let X be a smooth projective rational surface with −K X nef and K X 2 = 0. Given a curve C in the linear system |−K X | we can construct the homomorphism of groups α :
where ı : C → X is the inclusion. We denote by G the image of α and by i : Z → K X ⊥ the homomorphism defined by 1 → −K X and we let H be the subgroup of G generated by the images via α of the classes of all the irreducible components of C. Let κ : Z → H be the homomorphism defined by 1 → h = α(−K X ). Using the isomorphism between the lattices E 8 and K X ⊥ /Z(−K X ) we define p : K X ⊥ → E 8 to be the corresponding projection. We summarize these definitions in the commutative diagram (2.1)
with exact rows. We recall the proofs of the following well-known lemmas for the sake of completeness. See also [4] and [5] .
Lemma 2.1. The order of the element h is finite if and only if the surface X is a minimal rational elliptic surface. Moreover, if h has finite order m, then the linear system |−mK X | is the elliptic pencil.
Proof. Given C ∈ |−K X | there is an exact sequence of sheaves
Let n > 0 be an integer. By taking tensor product with O X (−nK X ) and passing to the long exact sequence in cohomology, we see that the inequality h 0 (X, −nK X ) > 1 holds if and only α(−nK X ) is trivial in Pic 0 (C), that is if and only if the class h = α(−K X ) is torsion. This is equivalent to requiring that h has finite order.
Lemma 2.2. Let R be a root of E 8 . Then one of the following possibilities occurs:
(1) if α(R) = 0 then p −1 (R) contains an effective class; (2) otherwise the only effective classes in p −1 (R) are components of C.
Proof. Assume that we are in case (1) . Let D ′ be a class in p −1 (R), so that D ′2 = −2 and D ′ · K X = 0, and let m be an integer such that α(D ′ ) = mh. We denote by D the class D ′ − mK X , so that α(D) is trivial. By abuse of notation, denote by D also a divisor of X whose class is D and form the exact sequence of sheaves
Since α(D) is trivial, the first two cohomology groups of O C (D) have dimension one. The above exact sequence and the vanishing of the Euler characteristic of O X (D) immediately imply that at least one group
is non-trivial. Thus either D or −D is linearly equivalent to an effective divisorD. If D is linearly equivalent toD, then we are done. Otherwise there exists a positive integer n such that D − nK X ∼ −D − nK X is linearly equivalent to an effective divisor and again the statement follows.
To prove (2) it suffices to observe that any effective class of p −1 (R) is the class of a non-negative sum of (−2)-curves and that if Γ is a (−2)-curve of X not contained in C, then Γ is disjoint from C and hence α([Γ]) = 0.
Given a smooth rational surface X with −K X nef and K X 2 = 0, denote by Λ X the sublattice of K X ⊥ spanned by the classes of (−2)-curves of X:
Remark 2.3. By the adjunction formula Λ X is a negative semidefinite sublattice of K X ⊥ and the quotient Λ X / K X is a negative definite lattice. By Lemma 2.2 each fiber of the quotient homomorphism Λ X → Λ X / K X contains at most a finite number of classes of (−2)-curves. Since the image of the set of classes of (−2)-curves of X is a subset of the finite set of roots of Λ X / K X ⊆ E 8 we conclude that X contains finitely many (−2)-curves.
We assume now that C is a smooth plane cubic, p 1 , . . . , p 9 are nine points on C, not necessarily distinct, and p 1 is a flex. Denote by X the blow up of P 2 at the nine points p 1 , . . . , p 9 , by E 1 , . . . , E 9 the corresponding sequence of (−1)-classes in Pic(X) and by L the class of the pull-back of a line. Recall from (2.1) that the homomorphism α is given by
since L| C ∼ 3p 1 and p 1 is the origin of the elliptic curve (C, p 1 ). The characteristic sequence of the pair given by the points p 1 , . . . , p 9 and the smooth plane cubic curve C is the sequence [p 1 , . . . , p 9 ] in Pic 9 (C).
Proposition 2.4. Let Λ be a sublattice of E 8 of type ADE and of finite index. Then there exists a minimal rational elliptic surface X such that Λ X / K X is isomorphic to Λ. An example of such a surface for any such Λ is given in Table ( of points on a smooth plane cubic curve C such that Λ is contained in the kernel of the homomorphism α of (2.3) and moreover α is surjective. By Lemma 2.1 and the fact that G is a finite group we deduce that the surface X is elliptic and minimal.
Moreover the prime components of the unique elliptic fibration π : X → P 1 form a Coxeter-Dynkyn diagram of typeΛ by Lemma 2.2, which gives the statement.
Hence it suffices to find a characteristic sequence realizing each of the thirteen lattices; this is shown in the third column of the table.
As an application of our results we determine the number of (−1)-curves on any minimal elliptic surface of Halphen index 2.
Lemma 2.5. Let C be a smooth irreducible genus one curve defined over a field k such that C(k) is empty and let E = Pic
Proof. Any element of Pic 2 k (C)(k) is the class of a divisor of the form p + q, where p and q are points of C(K), for some degree two extension k ⊆ K. Moreover if K and K ′ are distinct extensions of k of degree two, then the intersection C(K) ∩ C(K ′ ) is empty. Thus we deduce
Let C K be the curve obtained from C by base change. If C K (K) is not empty then there is an isomorphism C K → E K defined over K. Thus C K (K) is in bijection with E K (K) which in turn is in bijection with E(K). We conclude observing that E(k) is a subgroup of E(K), so that the order of the former divides the order of the latter. Proposition 2.6. Let π : X → P 1 be a minimal elliptic fibration of Halphen index 2 on a rational surface. Then the number of (−1)-curves of X is given in Table ( Proof. Given a maximal rank sublattice Λ of E 8 , in order to construct a Halphen fibration of index m whose configuration of reducible fibers is of typeΛ we choose a characteristic sequence [p 1 , . . . , p 9 ] of points on a smooth cubic curve C which satisfies the following conditions. The subgroupG of the elliptic curve (C, p 1 ) generated by the nine points is an abelian extension of G = E 8 /Λ by an order m cyclic group generated by the element
where the second sequence is the characteristic sequence in Table 2 .1 associated to Λ. Given such a characteristic sequence we reconstruct the set of (−2)-curves of the blow-up X of P 2 at the nine points in the following way. By Lemma 2.2 each root R of Λ lifts to the class of an effective curve of X. The set S of such lifted classes spans a cone in Pic Q (X). Fix an ample class A of Pic(X) and form the subset S 1 of S consisting of elements having minimal intersection with A. Then construct the set S n inductively as follows. Let S n be the subset of S \ i<n S i consisting of elements having minimal intersection with A and non-negative intersection with any element of i<n S i . It follows that the set of (−2)-curves of X is C = i S i . This allows us to define the lifting cl X : F → K X ⊥ of the map P :
We thus obtain the class δ X of the corresponding toric variety, whose Riemann-Roch dimension is the number of (−1)-curves of X. This number is in bijection with the set of 2-sections of π, that is with the set Pic 2 k (X η ), where X η is the generic fiber of π and k = C(P 1 ). By Lemma 2.5 twice this number must be a multiple of the order of the Mordell-Weil group of the jacobian fibration of π. Computing the multigraded Hilbert series of the toric varieties given in the appendix and excluding the cases where the coefficient of δ X does not divide the Mordell-Weil group of the jacobian fibration of π, one directly checks that all the remaining cases are realized.
Appendix
We provide here the matrix Q defining the linear map E → Cl(Z) for each type of lattice analysed in this note.
Type
Class group Grading matrix 
